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Buckling and postbuckling analysis is presented for a double-walled carbon nanotube subjected to combined axial and
radial loads in thermal environments. The analysis is based on a continuum mechanics model in which each tube of a dou-
ble-walled carbon nanotube is described as an individual orthotropic shell with presence of van der Waals interaction
forces and the interlayer friction is negligible between the inner and outer tubes. The governing equations are based on
higher order shear deformation shell theory with a von Ka´rma´n-Donnell-type of kinematic nonlinearity and include ther-
mal eﬀects. Temperature-dependent material properties, which come from molecular dynamics simulations, and initial
point defect, which is simulated as a dimple on the tube wall, are both taken into account. A singular perturbation tech-
nique is employed to determine the interactive buckling loads and postbuckling equilibrium paths. The numerical illustra-
tions concern the postbuckling response of perfect and imperfect, double-walled carbon nanotubes subjected to combined
axial and radial mechanical loads under diﬀerent sets of thermal environments. The results reveal that temperature change
only has a small eﬀect on the postbuckling behavior of the double-walled carbon nanotube. The axially-loaded double-
walled carbon nanotube subjected to radial pressure has an unstable postbuckling path, and the structure is imperfec-
tion–sensitive. In contrast, the pressure-loaded double-walled carbon nanotube subjected to axial compression has a very
weak ‘‘snap-through’’ postbuckling path, and the structure is virtually imperfection–insensitive.
 2006 Elsevier Ltd. All rights reserved.
Keywords: Buckling; Postbuckling; Nanotube; Continuum shell model; Higher order shear deformable shell theory; Temperature-depe-
ndent properties; Initial point defects1. Introduction
Recently, a new class of promising materials known as carbon nanotubes (CNTs) has drawn considerable
attention. Determining their material properties, including physical, chemical, electrical and mechanical0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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1998; Zhou et al., 2000; Ru, 2000b,c; Kudin et al., 2001; Tu and Ou-Yang, 2002; Jin and Yuan, 2003; Pant-
ano et al., 2004; Chang et al., 2005a). Instabilities in nanotubes have also been of substantial interest and
many nanotube experiments have observed buckling (Iijima et al., 1996; Falvo et al., 1997; Thomsen
et al., 1999; Elliott et al., 2004; Waters et al., 2004, 2005). However, direct experiments are themselves still
under development due to the very small size of carbon nanotubes, the numerical simulation and the theo-
retical approaches are widely used to investigate buckling behavior of carbon nanotubes. Yakobson et al.
(1996) presented a number of molecular dynamics (MD) simulations for single-walled carbon nanotubes
under axial compression, bending and torsion, but they did not simulate nanotubes under hydrostatic pres-
sure. In their study a remarkable synergism between the shell theory predictions and the MD results was
found. They concluded that the critical deformations at which these buckling events occur could be esti-
mated by a continuum shell model.
It has been reported in the literature that continuum shell model which is familiar to engineers may be
applicable for the analysis of CNTs. Ru (2000a,b, 2001a,b) proposed a continuum shell model to study inﬁn-
itesimal buckling of double-walled carbon nanotubes subjected to axial compression in the presence of the
intertube van der Waals forces, but his solutions were approximate due to the assumption of equally axial
stress resultants of the outer and inner tubes. This work was then extended to the case of multi-walled carbon
nanotubes subjected to radial pressure (Wang et al., 2003a), and combined loading of axial compression and
internal/external pressure (Wang et al., 2003b). Similar works did by Wang et al. (2005b), Wang and Yang
(2006), Yang and Wang (2006) for multi-walled carbon nanotubes under torsion and bending. In these studies,
the classical shell theory, i.e. the theory based on the Kirchhoﬀ–Love hypothesis, is used and therefore the
transverse shear deformation is usually not accounted for. It is well known the thin shell theory is adequate
for cylindrical shells when the radius-to-thickness ratio is greater than 20. It has been shown (Yakobson et al.,
1996; Jin and Yuan, 2003), most carbon nanotubes have low values of radius-to-thickness ratio. As a result,
the continuum mechanics model for multi-walled carbon nanotubes requires the use of shear deformation shell
theory and involves an interlayer van der Waals interaction. Based on a higher order shear deformation shell
theory, Shen (2004) gave a postbuckling analysis of double-walled carbon nanotubes under hydrostatic pres-
sure, and found that the applicability of continuum shell theory depends strongly on the eﬀective material
properties of nanotubes. However, a large variation of Young’s modulus E and Poisson’s ratio m, as well as
eﬀective wall thickness h was obtained and reported in the open literature. For example, from MD simulation
results Yakobson et al. (1996) gave E = 5.5 TPa and h = 0.066 nm with m = 0.19. By using ab initio method,
Kudin et al. (2001) obtained E = 3.895 TPa and h = 0.0894 nm with m = 0.149. By using an eﬀective contin-
uum/ﬁnite element approach, Pantano et al. (2004) obtained E = 4.84 TPa and h = 0.075 nm with m = 0.19.
The diﬀerences of these results are in part due to the diﬀerent models adopted and in part due to the diﬀerent
chirality and diﬀerent size of carbon nanotubes. On the other hand, Halicioglu (1998) gave m = 0.18,
E = 0.5 TPa and the eﬀective wall thickness h = 0.68 nm, which is more than 10 times of that of Yakobson
et al. (1996), and might cause a big problem. In the most continuum shell models the thickness of an individual
carbon nanotube is usually taken to be h = 0.34 nm together withE = 1.06 TPa (Wang et al., 2003a,b; Wang
et al., 2005a,b; Wang and Yang, 2006), which leads the pre-energy of such a shell is found to be about 26 times
as large as the pre-energy of single-walled carbon nanotubes calculated using atomistic models. It is also ques-
tionable to take both the tube thickness and the intertube distance as 0.34 nm for multi-walled carbon nano-
tubes. It is noted that the Young’s modulus reduces from 4.7 to 1.05 TPa, when the layer number of multi-
walled carbon nanotubes increases from 1 to 100, as reported in Tu and Ou-Yang (2002). In fact, the material
properties of carbon nanotubes are anisotropic, and chirality- and size-dependent (Jin and Yuan, 2003; Elliott
et al., 2004; Wang et al., 2005; Chang et al., 2005a), and, therefore, all eﬀective elastic properties adopted need
to be carefully determined.
Recently, Chang et al. (2005b,c) examined the eﬀect of tube size and chirality on the buckling of single-
walled and/or multi-walled carbon nanotubes by using a molecular mechanics model. He et al. (2005a,b)
examined the eﬀect of intertube van der Waals interactions on the buckling behavior of multi-walled carbon
nanotubes. They concluded that the greatest contribution to the van der Waals interaction comes from the
adjacent layers and the contribution from a remote layer may be neglected. Wang et al. (2005a) studied the
eﬀect of temperature changes on the buckling behavior of multi-walled carbon nanotubes under axial com-
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erties were assumed to be temperature-independent. It has been shown (Ni et al., 2002) that the postbuckling
behavior of an empty single-walled carbon nanotube subjected to axial compression depends on temperature.
However, such an important eﬀect is not accounted for in any of recent investigations (Chang et al., 2005b,c;
Wang et al., 2005a; He et al., 2005a,b; Kitipornchai et al., 2005; Sears and Batra, 2006).
As we all known the initial geometric imperfection has a signiﬁcant eﬀect on the buckling and postbuckling
behavior of pressure loaded cylindrical shells subjected to axial compression. It has been reported (Zhou,
1994; Ding, 2005) that single-walled and multi-walled carbon nanotubes contain local point defects. As a
result, we need to know weather the postbuckling behavior of a pressure loaded carbon nanotube subjected
to axial compression is still sensitive to this defect.
The present work attempts to solve this diﬃcult problem, that is, to provide analytical solution for the post-
buckling of double-walled carbon nanotubes with temperature dependent material properties and initial point
defects subjected to combined axial and radial loads in thermal environments. Material properties are assumed
to be temperature dependent and are obtained from MD simulations. An elastic double shell model with van
der Waals interaction forces is proposed and each tube is described as an individual orthotropic shell and the
interlayer friction is negligible between the inner and outer tubes. The governing equations are based on higher
order shear deformation shell theory (HSDST) with a von Ka´rma´n- Donnell-type of kinematic nonlinearity
and include thermal eﬀects. The boundary layer theory suggested by Shen and Chen (1988, 1990) is extended
to the case of double-walled carbon nanotubes. A singular perturbation technique is employed to determine
the interactive buckling loads and postbuckling equilibrium paths. The nonlinear prebuckling deformations of
the shell and the initial local defects, which are simulated as a dimple on the tube wall, are both taken into
account. The numerical illustrations show the full nonlinear postbuckling response of perfect and imperfect,
double-walled carbon nanotubes subjected to combined axial and radial mechanical loads under diﬀerent sets
of environmental conditions.
2. Theoretical development
Consider a double-walled carbon nanotube modeled as a shell system which is subjected to two loads com-
bined out of a uniform radial pressure q and axial load P in thermal environments. The outer and inner tubes
are assumed to have the same thickness h and length L, and have mean radii RI and RII, respectively, as shown
in Fig. 1(a). Each shell is referred to a coordinate system (X,Y,Z) in which X and Y are in the axial and cir-
cumferential directions of the shell and Z is in the direction of the inward normal to the middle surface. The
origin of the coordinate system is located at the center of each shell on the middle plane. The corresponding
displacements are designated by U , V and W . Wx and Wy are the rotations of normals to the middle surface
with respect to the Y- and X-axes, respectively. The shell is assumed to be orthotropic and to be geometrically
imperfect. Denoting the initial local defect by W ðX ; Y Þ, let W ðX ; Y Þ be the transverse deﬂection of each tube,
and F ðX ; Y Þ be the stress function for the stress resultants deﬁned by Nx ¼ F ;yy , Ny ¼ F ;xx and Nxy ¼ F ;xy ,
where a comma denotes partial diﬀerentiation with respect to the corresponding coordinates.
Van der Waals forces are a kind of weak interactions between atoms that are not directly bonded together
in the same molecular. In the present work the van der Waals interaction energy is estimated by using the
much applied inverse power model, namely, Lennard–Jones pair potential (Girifalco and Lad, 1956; Girifalco,
1991), which contains two parts of the short-range repulsive interaction and the long-range attractive interac-
tion. It has been shown (Girifalco and Lad, 1956; Girifalco, 1991), the van der Waals interaction force is a
nonlinear function of the distance between two interacting atoms. It should be noted that we are only inter-
ested in the inﬁnitesimal buckling of a carbon nanotube. Hence, in the present analysis, it is assumed that the
interaction forces between the inner and outer shells are linearly proportional to the buckling deﬂection and
can be expressed as p ¼ p0 þ C½W IIðX ; Y Þ  W IðX ; Y Þ, in which and what follows the subscript I and II refer
to the outer and inner tubes, respectively. This assumption is reasonably well when the interlayer distance is
less than 0.425 nm. As will be seen later in Section 4, this condition can be satisﬁed in numerical analysis. On
the other hand, since the curvature eﬀects on the elastic property of graphene sheets are small (Thomsen et al.,
1999), the initial stress due to the curvature of a carbon nanotube is neglected. In the above equation p0 is a
constant representing the initial uniform van der Waals pressure between two prior to buckling. In particular,
RII
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Fig. 1. An elastic shell model for a double-walled carbon nanotube under combined loading of axial compression and radial pressure:
(a) geometry and loading case; (b) coordinate system and point defect.
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that the initial pressure p0 between the inner and outer tubes is zero or negligible if the initial interlayer spacing
is 0.34 nm. C is a constant which was taken to be 61.9917 GPa/nm in Ru (2001b), and 99.1867 GPa/nm in
Wang et al. (2003b). In fact, C can be estimated as the second derivative of the van der Waals energy-interlayer
spacing. To account for the tube size eﬀect and to include two parts of the repulsive and attractive interactions,
from He et al. (2005a) we haveC ¼ 1001pe0r
12
0 RII
6d4R13I
Z p
0
1
½1 2c0 cos hþ c2013=2
dh 560pe0r
6
0RII
9d4R7I
Z p
0
1
½1 2c0 cos hþ c207=2
dh ð1Þwhere c0 = RII/RI, d = 0.142 nm is the C–C bond length, e0 is the depth of the potential, and r0 is a parameter
that is determined by the equilibrium distance.
It has been shown (Cumings and Zettl, 2000; Kolmogorov and Crespi, 2000) the friction energy barrier
between adjacent tubes is so low that the tubes could almost freely slid and rotate toward each other. We
assume that no sliding occurs between the outer and inner tubes. We also assume that the tube is empty,
and no initial internal pressure exists. Based on higher order shear deformation shell theory (Reddy and
Liu, 1985), the Ka´rma´n-Donnell-type nonlinear diﬀerential equations for the outer tube, including van der
Waals interaction forces and thermal eﬀects, have readily been derived and can be expressed in terms of a
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initial geometric imperfection W I . They areeL11ðW IÞ  eL12ðWxIÞ  eL13ðWyIÞ  eL16ðMT Þ  1RI F I;xx
¼ eLðW I þ W I ; F IÞ þ p0 þ CðW II  W IÞ þ q ð2ÞeL21ðF IÞ  eL25ðNT Þ þ 1RI W I;xx ¼  12 eLðW I þ 2W I ;W IÞ ð3ÞeL31ðW IÞ þ eL32ðWxIÞ  eL33ðWyIÞ  eL36ðST Þ ¼ 0 ð4ÞeL41ðW IÞ  eL42ðWxIÞ þ eL43ðWyIÞ  eL46ðST Þ ¼ 0 ð5Þand for the inner tube they areeL11ðW IIÞ  eL12ðWxIIÞ  eL13ðWyIIÞ  eL16ðMT Þ  1RII F II ;xx
¼ eLðW II þ W II ; F IIÞ  RIRII ½p0 þ CðW II  W IÞ ð6ÞeL21ðF IIÞ  eL25ðNT Þ þ 1RII W II ;xx ¼  12 eLðW II þ 2W II ;W IIÞ ð7ÞeL31ðW IIÞ þ eL32ðWxII Þ  eL33ðWyIIÞ  eL36ðST Þ ¼ 0 ð8ÞeL41ðW IIÞ  eL42ðWxIIÞ þ eL43ðWyIIÞ  eL46ðST Þ ¼ 0 ð9ÞwhereeL16ðMT Þ ¼ o2
oX 2
ðMTx Þ þ 2
o2
oXoY
ðMTxyÞ þ
o2
oY 2
ðMTy Þ
eL25ðNT Þ ¼ A12 o2oX 2 þ A11 o
2
oY 2
 
ðNTx Þ  A66
o2
oXoY
ðNTxyÞ þ A22
o2
oX 2
þ A12
o2
oY 2
 
ðNTy Þ
eL36ðST Þ ¼ ooX ðSTx Þ þ ooY ðSTxyÞeL46ðST Þ ¼ ooX ðSTxyÞ þ ooY ðSTy Þ
ð10Þand all other linear operators eLijðÞ and nonlinear operator eLðÞ are deﬁned as in Shen (2001). Since each tube is
assumed to be orthotropic, the stretching/bending coupling is zero-valued, i.e. Bij ¼ Eij ¼ 0 in the present case.
Note that Eqs. (2)–(9) are coupled and should be solved simultaneously.
It is assumed that the eﬀective Young’s moduli E11 and E22, shear moduli G12, G13 and G23, and thermal
expansion coeﬃcients a11 and a22 of each tube are temperature-dependent, whereas Poisson’s ratio m12 depends
weakly on temperature change and is assumed to be a constant. The thermal forces NT , moments MT and ST ,
and higher order moments PT caused by elevated temperature are deﬁned byNTx M
T
x P
T
x
NTy M
T
y P
T
y
NTxy M
T
xy P
T
xy
264
375 ¼ Z þh=2
h=2
AxðT Þ
AyðT Þ
AxyðT Þ
264
375ð1; Z; Z3ÞDT dZ ð11aÞandSTx
STy
STxy
264
375 ¼ M
T
x
MTy
MTxy
264
375 4
3h2
PTx
PTy
P Txy
264
375 ð11bÞ
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strains, andAxðT Þ
AyðT Þ
AxyðT Þ
264
375 ¼  Q11ðT Þ Q12ðT Þ Q16ðT ÞQ12ðT Þ Q22ðT Þ Q26ðT Þ
Q16ðT Þ Q26ðT Þ Q66ðT Þ
264
375 1 00 1
0 0
264
375 a11ðT Þ
a22ðT Þ
 
ð12Þin which QijðT Þ ¼ QijðT Þ andQ11ðT Þ ¼
E11ðT Þ
1 m12m21 ; Q22ðT Þ ¼
E22ðT Þ
1 m12m21 ; Q12ðT Þ ¼
m21E11ðT Þ
1 m12m21 ;
Q16 ¼ Q26 ¼ 0; Q44ðT Þ ¼ G23ðT Þ; Q55ðT Þ ¼ G13ðT Þ; Q66ðT Þ ¼ G12ðT Þ
ð13ÞFrom Eqs. (11) and (12) the thermal force NTxy , the thermal moments M
T , and the higher order moments PT
are all zero valued, and NTx and N
T
y are both constants, so that eL25ðNT Þ ¼ eL16ðMT Þ ¼ eL36ðST Þ ¼ eL46ðST Þ ¼ 0.
The point defect is a basic and important geometric imperfection in carbon nanotubes, which may be mod-
eled as a dimple in the outer tube or in both outer and inner tubes. We assume that the point defect located in
the center of the carbon nanotubes can be expressed asW ðX ; Y Þ ¼ Am exp  XC1
  YC2
   ð14Þwhere Am is a small parameter characterizing the amplitude of the initial defect and C1 and C2 characterize the
half-width of the region of the dimple, as shown in Fig 1(b).
The two end edges of both outer and inner tubes are assumed to be simply supported or clamped, so that
the boundary conditions are X = ±L/2:W ¼ Wy ¼ 0 ð15aÞ
Mx ¼ Px ¼ 0 ðsimply supportedÞ ð15bÞ
Wx ¼ 0 ðclampedÞ ð15cÞZ 2pRI
0
NxI dY þ
Z 2pRII
0
NxII dY þ 2pðRI þ RIIÞhrx þ pR2I qa ¼ 0 ð15dÞwhere a = 0 and a = 1 for lateral and hydrostatic pressure loading case, respectively, and rx is the average
axial compressive stress, and Mx is the bending moment and Px is higher order moment, as deﬁned in Reddy
and Liu (1985). Also we have the closed (or periodicity) condition for each tubeZ 2pRJ
0
oV
oY
dY ¼ 0 ðJ ¼ I ; IIÞ ð16aÞor Z 2pRJ
0
A22
o2F
oX 2
þ A12
o2F
oY 2
þ W
RJ
 1
2
oW
oY
 2
 oW
oY
oW 
oY
 ðA12NTx þ A22NTy Þ
" #
dY ¼ 0 ð16bÞBecause of Eq. (16a), the in-plane boundary condition V ¼ 0 (at X = ±L/2) is not needed in Eq. (15a).
It is assumed that the end-shortening displacements of the outer and inner tubes are identical. The average
end-shortening relationship of each shell is deﬁned asDx
L
¼  1
2pRJL
Z 2pRJ
0
Z þL=2
L=2
oU
oX
dX dY ðJ ¼ I ; IIÞ
¼  1
2pRJL
Z 2pRJ
0
Z þL=2
L=2
A11
o2F
oY 2
þ A12
o2F
oX 2
 1
2
oW
oX
 2
 oW
oX
oW 
oX
 ðA11NTx þ A12NTy Þ
" #
dX dY ð17Þwhere Dx is shell end-shortening displacement in the X- direction.
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are functions of temperature, determined through relationship (Shen, 2001)A ¼ A1; D ¼ D; F ¼ F; H ¼ H ð18aÞ
where Aij, Dij etc., are the shell stiﬀnesses, deﬁned byðAij;Dij; F ij;HijÞ ¼
Z þh=2
h=2
QijðT Þð1; Z2; Z4; Z6ÞdZ ði; j ¼ 1; 2; 6Þ ð18bÞ3. Solution methodology
Having developed the theory, we are in a position to solve Eqs. (2)–(9) with boundary conditions (15).
Before proceeding, it is convenient ﬁrst to deﬁne the following dimensionless quantities [with cijk in Eqs.
(29) and (A.11) below are deﬁned as in Shen (2001)]x ¼ pX
L
; y ¼ Y
RI
; b ¼ L
pRI
; e ¼ p
2RI
L2
½D11D22A11A221=4; c0 ¼
RII
RI
; C0 ¼ CL
4
p4½D11D221=2
Cp ¼ p0RI
b2D11
½D11D22A11A221=2; c14 ¼
D22
D11
 1=2
; c24 ¼
A11
A22
 1=2
; c5 ¼ 
A12
A22
ðcT1; cT2Þ ¼ ðATx ;ATy ÞRI
A11A

22
D11D

22
 1=4
; ðcC1; cC2Þ ¼ ðL=pC1;RI=C2Þ
ðW ;W Þ ¼ e ðW ;W
Þ
½D11D22A11A221=4
; F ¼ e2 F
½D11D221=2
; ðWx;WyÞ ¼ e2 Lp
ðWx;WyÞ
½D11D22A11A221=4
ðMx; PxÞ ¼ e2 L
2
p2
1
D11½D11D22A11A221=4
Mx;
4
3h2
Px
 
kp ¼ rxRIh
2
A11A

22
D11D

22
 1=4
; dp ¼ DxL
 
RI
2½D11D22A11A221=4
kq ¼ q ð3Þ
3=4LR3=2I ½A11A221=8
4p½D11D223=8
; dq ¼ DxL
  ð3Þ3=4LR1=2I
4p½D11D22A11A223=8
ð19Þin which ATx ¼ ATy are deﬁned by
ATx
ATy
" #
¼ 
Z h=2
h=2
Ax
Ay
 
dZ ð20ÞThe nonlinear Eqs. (2)–(9) may then be written in dimensionless form ase2½L11ðW IÞ  C0ðW II  W IÞ  eL12ðWxIÞ  eL13ðWyIÞ  c14F I;xx
¼ c14b2LðW I þ W I ; F IÞ þ Cp þ c14
4
3
ð3Þ1=4kqe3=2 ð21Þ
L21ðF IÞ þ c24W I;xx ¼ 
1
2
c24b
2LðW I þ 2W I ;W IÞ ð22Þ
eL31ðW IÞ þ L32ðWxIÞ  L33ðWyIÞ ¼ 0 ð23Þ
eL41ðW IÞ  L42ðWxIÞ þ L43ðWyIÞ ¼ 0 ð24Þande2½c0L11ðW IIÞ þ C0ðW II  W IÞ  ec0L12ðWxIIÞ  ec0L13ðWyIIÞ  c14F II ;xx
¼ c0c14b2LðW II þ W II ; F IIÞ  Cp ð25Þ
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1
2
c0c24b
2LðW II þ 2W II ;W IIÞ ð26Þ
eL31ðW IIÞ þ L32ðWxIIÞ  L33ðWyIIÞ ¼ 0 ð27Þ
eL41ðW IIÞ  L42ðWxIIÞ þ L43ðWyIIÞ ¼ 0 ð28ÞwhereL11ðÞ ¼ c110
o4
ox4
þ 2c112b2
o4
ox2oy2
þ c114b4
o4
oy4
L12ðÞ ¼ c120
o3
ox3
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o3
oxoy2
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o3
ox2oy
þ c133b3
o3
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L21ðÞ ¼ o
4
ox4
þ 2b2 o
4
ox2oy2
þ b4 o
4
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o
ox
þ c310
o3
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þ c312b2
o3
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o2
ox2
 c322b2
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L33ðÞ ¼ c331b
o2
oxoy
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ox2
o2
oy2
 2 o
2
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2
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ð29ÞThe boundary conditions of Eq. (15) become x = ±p/2:W ¼ Wy ¼ 0 ð30aÞ
Mx ¼ Px ¼ 0 ðsimply supportedÞ ð30bÞ
Wx ¼ 0 ðclampedÞ ð30cÞ
1
2p
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2p
Z 2pc0
0
b2
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dy þ 2kpeð1þ c0Þ þ
2
3
ð3Þ1=4kqe3=2a ¼ 0 ð30dÞand the closed condition of Eq. (16b) becomesZ 2p
0
o2F I
ox2
 c5b2
o2F I
oy2
 
þ c24W I 
1
2
c24b
2 oW I
oy
 2
 c24b2
oW I
oy
oW I
oy
þ eðcT2  c5cT1ÞDT
" #
dy ¼ 0 ð31ÞIn this section two loading conditions will be considered, so that the unit end-shortening relationship may
be written in two dimensionless forms asdq ¼ ð3Þ
3=4
8p2c24
e3=2
Z 2p
0
Z þp=2
p=2
c224b
2 o
2F I
oy2
 c5
o2F I
ox2
 
 1
2
c24
oW I
ox
 2
 c24
oW I
ox
oW I
ox
"
þeðc224cT1  c5cT2ÞDT
#
dxdy ð32aÞ
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3=4
8p2c0c24
e3=2
Z 2pc0
0
Z þp=2
p=2
c224b
2 o
2F II
oy2
 c5
o2F II
ox2
 
 1
2
c24
oW II
ox
 2
 c24
oW II
ox
oW II
ox
"
þeðc224cT1  c5cT2ÞDT
#
dxdy ð32bÞanddp ¼  1
4p2c24
e1
Z 2p
0
Z þp=2
p=2
c224b
2 o
2F I
oy2
 c5
o2F I
ox2
 
 1
2
c24
oW I
ox
 2
 c24
oW I
ox
oW I
ox
"
þeðc224cT1  c5cT2ÞDT
#
dxdy ð32cÞ
¼  1
4p2c0c24
e1
Z 2pc0
0
Z þp=2
p=2
c224b
2 o
2F II
oy2
 c5
o2F II
ox2
 
 1
2
c24
oW II
ox
 2
 c24
oW II
ox
oW II
ox
"
þeðc224cT1  c5cT2ÞDT
#
dxdy ð32dÞIn Eq. (19), we introduce an important parameter e. For most carbon nanotubes ½D11D22A11A221=4 ﬃ 0:3h,
hence when Z ¼ ðL2=RhÞ > 2:96, we have e < 1. In particular, if the single-walled carbon nanotube is assumed
to be an isotropic shell, we have e ¼ p2=ZB
ﬃﬃﬃﬃﬃ
12
p
, where ZB ¼ ðL2=RhÞ½1 m21=2 is the Batdorf shell parameter,
which should be greater than 2.85 in the case of classical linear buckling analysis (Batdorf, 1947). It has been
shown (Jin and Yuan, 2003; Yakobson et al., 1996), carbon nanotubes will have large values of Z, so that we
always have e 1. When e < 1, Eqs. (21)–(28) are of the boundary layer type and may then be solved by
means of a singular perturbation technique. The essence of this procedure, in the present case, is to assume
thatW ¼ wðx; y; eÞ þ eW ðx; n; y; eÞ þ bW ðx; f; y; eÞ
F ¼ f ðx; y; eÞ þ eF ðx; n; y; eÞ þ bF ðx; f; y; eÞ
Wx ¼ Wxðx; y; eÞ þ eWxðx; n; y; eÞ þ bWxðx; f; y; eÞ
Wy ¼ Wyðx; y; eÞ þ eWyðx; n; y; eÞ þ bWyðx; f; y; eÞ
ð33Þwhere e is a small perturbation parameter (provided Z > 2:96) as deﬁned in Eq. (19) and w(x,y, e), f(x,y, e),
Wx(x,y, e), Wy(x,y, e) are called regular solutions of the shell, eW ðx; n; y; eÞ, eF ðx; n; y; eÞ, eWxðx; n; y; eÞ,eWyðx; n; y; eÞ and bW ðx; f; y; eÞ, bF ðx; f; y; eÞ, bWxðx; f; y; eÞ, bWyðx; f; y; eÞ are the boundary layer solutions near
the x = ±p/2 edges, respectively, and n and f are the boundary layer variables, deﬁned asn ¼ ðp=2þ xÞ= ﬃﬃep ; f ¼ ðp=2 xÞ= ﬃﬃep ð34Þ
This means for isotropic cylindrical shells the width of the boundary layers is of order
ﬃﬃﬃﬃﬃﬃ
Rh
p
. In Eq. (33) the
regular and boundary layer solutions are taken in the forms of perturbation expansions aswðx; y; eÞ ¼
X
j¼1
ej=2wj=2ðx; yÞ; f ðx; y; eÞ ¼
X
j¼0
ej=2fj=2ðx; yÞ
Wxðx; y; eÞ ¼
X
j¼1
ej=2ðWxÞj=2ðx; yÞ; Wyðx; y; eÞ ¼
X
j¼1
ej=2ðWyÞj=2ðx; yÞ ð35aÞ
eW ðx; n; y; eÞ ¼X
j¼0
ej=2þ1 eW j=2þ1ðx; n; yÞ; eF ðx; n; y; eÞ ¼X
j¼0
ej=2þ2eF j=2þ2ðx; n; yÞ
eWxðx; n; y; eÞ ¼X
j¼0
eðjþ3Þ=2ð eWxÞðjþ3Þ=2ðx; n; yÞ; eWyðx; n; y; eÞ ¼X
j¼0
ej=2þ2ð eWyÞj=2þ2ðx; n; yÞ ð35bÞ
bW ðx; f; y; eÞ ¼X
j¼0
ej=2þ1 bW j=2þ1ðx; f; yÞ; bF ðx; f; y; eÞ ¼X
j¼0
ej=2þ2bF j=2þ2ðx; f; yÞ
bWxðx; f; y; eÞ ¼X
j¼0
eðjþ3Þ=2ð bWxÞðjþ3Þ=2ðx; f; yÞ; bWyðx; f; y; eÞ ¼X
j¼0
ej=2þ2ð bWyÞj=2þ2ðx; f; yÞ ð35cÞ
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wð2ÞII ðx; yÞ ¼ v1Að2Þ11 cosmx cos ny ð36bÞin which v1 is a constant and can be determined later.
The initial point defects are assumed to be in both outer and inner tubes, i.e. W I ¼ W II ¼ W . This initial
local geometric imperfection is represented as a Fourier cosine series asW ðx; y; eÞ ¼ e2am expðcC1jxj  cC2jyjÞ ¼ e2lAð2Þ11
a0
2
þ
X
i¼1
ai cos ix
 !
b0
2
þ
X
j¼1
bj cos jy
 !
ð37aÞwhereaI ¼ 4p
Z p=2
0
expðcC1xÞ cos ixdx; bj ¼
2
p
Z p
0
expðcC2yÞ cos jy dy ð37bÞand l ¼ am=Að2Þ11 is the imperfection parameter.
Substituting Eqs. (33)–(35) into Eqs. (21)–(28), and collecting terms of the same order of e, we obtain three
sets of perturbation equations for the regular and boundary layer solutions, respectively, the details of which
may be found in Shen (2002). It has been shown (Shen and Chen, 1988, 1990) that the eﬀect of the boundary
layer on the buckling load of the shell under axial compression is quite diﬀerent from that of the shell subjected
to external pressure. To this end, two kinds of loading conditions will be considered.
Case (1) high values of external pressure combined with relatively low axial load. LetP
pR2I q
¼ d1 ð38aÞor2kpe
4
3
ð3Þ1=4kqe3=2
¼ d1
2
ð38bÞIn this case, the boundary condition of Eq. (30d) becomes1
2p
Z 2p
0
b2
o2F I
oy2
dy þ 1
2p
Z 2pc0
0
b2
o2F II
oy2
dy þ 2
3
ð3Þ1=4kqe3=2½aþ d1ð1þ c0Þ ¼ 0 ð39ÞFor convenience we replace [a + d1(1 + c0)] with e1 in Eq. (41) below, by using Eqs. (36) and (37) to solve
these perturbation equations of each order, and matching the regular solutions with the boundary layer solu-
tions at each end of the shell, we obtain the asymptotic solutions. For the outer tube, they areW I ¼ e3=2 Að3=2Þ00  Að3=2Þ00 að3=2Þ01 cosu
p=2þ xﬃﬃ
e
p þ að3=2Þ10 sinu
p=2þ xﬃﬃ
e
p
 
exp # p=2þ xﬃﬃ
e
p
 
Að3=2Þ00 að3=2Þ01 cosu
p=2 xﬃﬃ
e
p þ að3=2Þ10 sinu
p=2 xﬃﬃ
e
p
 
exp # p=2 xﬃﬃ
e
p
 
þ e2½Að2Þ11 cosmx cos ny
þ e4½Að4Þ00 þ Að4Þ11 cosmx cos ny þ Að4Þ20 cos 2mxþ Að4Þ02 cos 2ny þ Oðe5Þ ð40Þ
F I ¼ e1Bð0Þ00
y2
2
 ðCp þ b2Cð0Þ00 Þ
x2
2
þ e2 e1Bð2Þ00
y2
2
 b2Cð2Þ00
x2
2
þ Bð2Þ11 cosmx cos ny
 
þ e5=2 Að3=2Þ00 bð5=2Þ01 cosu
p=2þ xﬃﬃ
e
p þ bð5=2Þ10 sinu
p=2þ xﬃﬃ
e
p
 
exp # p=2þ xﬃﬃ
e
p
 
þAð3=2Þ00 bð5=2Þ01 cosu
p=2 xﬃﬃ
e
p þ bð5=2Þ10 sinu
p=2 xﬃﬃ
e
p
 
exp # p=2 xﬃﬃ
e
p
 
þ e4 e1Bð4Þ00
y2
2
 b2Cð4Þ00
x2
2
þ Bð4Þ20 cos 2mxþ Bð4Þ02 cos 2ny
 
þ Oðe5Þ ð41Þ
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p=2þ xﬃﬃ
e
p þ 1ð2Þ10 sinu
p=2þ xﬃﬃ
e
p
 
exp # p=2þ xﬃﬃ
e
p
 
þ 1ð2Þ01 cosu
p=2 xﬃﬃ
e
p þ 1ð2Þ10 sinu
p=2 xﬃﬃ
e
p
 
exp # p=2 xﬃﬃ
e
p
 
þ e3½Cð3Þ11 sinmx cos ny þ e5½Cð5Þ20 sin 2mx þ Oðe6Þ ð42Þ
WyI ¼ e3½Dð3Þ11 cosmx sin ny þ e5½Dð5Þ02 sin 2ny þ Oðe6Þ ð43Þand for the inner tube it is just necessary to replace – Cp in Eq. (41) with +Cp, and replace A
ðjÞ
ik ;B
ðjÞ
ik ;C
ðjÞ
ik and D
ðjÞ
ik
in Eqs. (40)–(43) with aðjÞik ; b
ðjÞ
ik ; c
ðjÞ
ik and d
ðjÞ
ik , so that the asymptotic solutionsWII, FII, WxII and WyII have a sim-
ilar form.
Note that all of the coeﬃcients in Eqs. (40)–(43) are related and can be expressed in terms of Að2Þ11 , but for the
sake of brevity the detailed expressions are not shown, whereas # and u are given in detail in Appendix A.
Because the end-shortening displacements of the outer and inner tubes are identical, upon substitution of FI
and FII into Eqs. (32a) and (32b), we havev1 ¼
1
2B1
f½ðB2Þ2 þ 4B1B31=2  B2g ð44ÞwhereB1 ¼ 0:5c
2
24e1  c5
c224ð1þ c0Þ
m2
n2b2 þ 0:5e1m2
ð45aÞ
B2 ¼ 1c0
 2B1
 
þ g08
C0
½1 B1ð1þ c0Þ
þ c14m
2
C0
c24m
2
c0g06l11
1
c0
 B1ð1þ c0Þ
 
þ Cp n
2b2
m2
½1þ B1ð1 c0Þ þ
2Cpc5
c224ð1þ c0Þ
 
l11e
2 ð45bÞ
B3 ¼ 1c0
 B1 ð45cÞNext, upon substitution of Eqs. (40)–(43) into the boundary condition (39) and into Eqs. (31) and (32c), the
postbuckling equilibrium paths for the loading case (1) can be written askq ¼ 1
4
ð3Þ3=4e3=2½kð0Þq þ kð2Þq ðAð2Þ11 e2Þ2 þ    ð46Þanddq ¼ dð0Þq  dðT Þq þ dð2Þq ðAð2Þ11 e2Þ2 þ    ð47Þ
It is noted that, in Eqs. (46) and (47), kðiÞq and d
ðiÞ
q ði ¼ 0; 2; . . .Þ are related to the material properties and are all
functions of temperature. Here ðAð2Þ11 e2Þ is taken as the second perturbation parameter relating to the dimen-
sionless maximum deﬂection. From Eq. (40), by taking (x,y) = (mp,np), one hasAð2Þ11 e
2 ¼ W m H1W 2m þ    ð48aÞwhere Wm is the dimensionless form of the maximum deﬂection of the outer tube that can be expressed asW m ¼ e h½D11D22A11A221=4
W
h
þH2
" #
ð48bÞAll symbols used in Eqs. (45)–(48) and Eqs. (55)–(58) below are also described in detail in Appendix A.
Case (2) high values of axial compression combined with relatively low external pressure. LetpR2I q
P
¼ d2 ð49aÞ
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4
3
ð3Þ1=4kqe3=2
2kpe
¼ 2d2 ð49bÞIn this case, the boundary condition of Eq. (30d) becomes1
2p
Z 2p
0
b2
o2F I
oy2
dy þ 1
2p
Z 2pc0
0
b2
o2F II
oy2
dy þ 2kpe½ð1þ ad2Þ þ c0 ¼ 0 ð50ÞSimilarly, by taking e2 = 2d2/(1 + c0 + ad2) and using a singular perturbation procedure, the asymptotic
solutions for the outer tube are obtained asW I ¼ e Að1Þ00  Að1Þ00 að1Þ01 cosu
p=2þ xﬃﬃ
e
p þ að1Þ10 sinu
p=2þ xﬃﬃ
e
p
 
exp # p=2þ xﬃﬃ
e
p
 
Að1Þ00 að1Þ01 cosu
p=2 xﬃﬃ
e
p þ að1Þ10 sinu
p=2 xﬃﬃ
e
p
 
exp # p=2 xﬃﬃ
e
p
 
þ e2

Að2Þ11 cosmx cos ny þ Að2Þ02 cos 2ny
 ðAð2Þ02 cos 2nyÞ að1Þ01 cosu
p=2þ xﬃﬃ
e
p þ að1Þ10 sinu
p=2þ xﬃﬃ
e
p
 
exp # p=2þ xﬃﬃ
e
p
 
ðAð2Þ02 cos 2nyÞ að1Þ01 cosu
p=2 xﬃﬃ
e
p þ að1Þ10 sinu
p=2 xﬃﬃ
e
p
 
exp # p=2 xﬃﬃ
e
p
 
þ e4 Að4Þ00 þ Að4Þ11 cosmx cos ny þ Að4Þ20 cos 2mxþ Að4Þ02 cos 2ny
h
þAð4Þ13 cosmx cos 3ny þ Að4Þ04 cos 4ny
i
þ Oðe6Þ ð51Þ
F I ¼ Bð0Þ00
y2
2
 e2 b2Bð0Þ00 þ c0b2bð0Þ00
 	 x2
2
 Cp x
2
2
þ e2 Bð2Þ00
y2
2
 e2 b2Bð2Þ00 þ c0b2bð2Þ00
 	 x2
2
þ Bð2Þ11 cosmx cos ny

þ Að1Þ00 bð2Þ01 cosu
p=2þ xﬃﬃ
e
p þ bð2Þ10 sinu
p=2þ xﬃﬃ
e
p
 
exp # p=2þ xﬃﬃ
e
p
 
þAð1Þ00 bð2Þ01 cosu
p=2 xﬃﬃ
e
p þ bð2Þ10 sinu
p=2 xﬃﬃ
e
p
 
exp # p=2 xﬃﬃ
e
p
 
þ e3 ðAð2Þ02 cos 2nyÞ bð3Þ01 cosu
p=2þ xﬃﬃ
e
p þ bð3Þ10 sinu
p=2þ xﬃﬃ
e
p
 
exp # p=2þ xﬃﬃ
e
p
 
þðAð2Þ02 cos 2nyÞ bð3Þ01 cosu
p=2 xﬃﬃ
e
p þ bð3Þ10 sinu
p=2 xﬃﬃ
e
p
 
exp # p=2 xﬃﬃ
e
p
 
þ e4 Bð4Þ00
y2
2
 e2ðb2Bð4Þ00 þ c0b2bð4Þ00 Þ
x2
2
þ Bð4Þ20 cos 2mxþ Bð4Þ02 cos 2ny

þBð4Þ13 cosmx cos 3ny

þ Oðe6Þ ð52Þ
WxI ¼ e3=2 Að1Þ00 1ð3=2Þ01 cosu
p=2þ xﬃﬃ
e
p þ 1ð3=2Þ10 sinu
p=2þ xﬃﬃ
e
p
 
exp # p=2þ xﬃﬃ
e
p
 
þAð1Þ00 1ð3=2Þ01 cosu
p=2 xﬃﬃ
e
p þ 1ð3=2Þ10 sinu
p=2 xﬃﬃ
e
p
 
exp # p=2 xﬃﬃ
e
p
 
þ e5=2 ðAð2Þ02 cos 2nyÞ1ð5=2Þ10 sinu
p=2þ xﬃﬃ
e
p exp # p=2þ xﬃﬃ
e
p
 
þðAð2Þ02 cos 2nyÞ1ð5=2Þ10 sinu
p=2 xﬃﬃ
e
p exp # p=2 xﬃﬃ
e
p
 
þ e3½Cð3Þ11 sinmx cos ny
þ e5½Cð5Þ11 sinmx cos ny þ Cð5Þ20 sin 2mxþ Cð5Þ13 sinmx cos 3ny þ Oðe6Þ ð53Þ
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
Dð3Þ11 cosmx sin ny þ Dð3Þ02 sin 2ny
 ðAð2Þ02 2nb sin 2nyÞ dð3Þ01 cosu
p=2þ xﬃﬃ
e
p þ dð3Þ10 sinu
p=2þ xﬃﬃ
e
p
 
exp # p=2þ xﬃﬃ
e
p
 
ðAð2Þ02 2nb sin 2nyÞ dð3Þ01 cosu
p=2 xﬃﬃ
e
p þ dð3Þ10 sinu
p=2 xﬃﬃ
e
p
 
exp # p=2 xﬃﬃ
e
p
 
þ e5½Dð5Þ11 cosmx sin ny þ Dð5Þ02 sin 2ny þ Dð5Þ13 cosmx sin 3ny þ Oðe6Þ ð54Þ
and the asymptotic solutions for the inner tube can be obtained in the manner as described in the loading case
(1). As a result, the axial stress resultants NxIð¼ F I ;yyÞ and NxIIð¼ F II ;yy Þ are unequal, and can be obtained
separately.
Upon substitution of FI and FII into Eqs. (32c) and (32d), the constant v1 can be given in the same form of
Eq. (44), but now B1, B2 and B3 are expressed asB1 ¼ m
2
m2 þ e2n2b2
ð55aÞ
B2 ¼ 1c0
 B1 þ g08C0 ð1 B1Þ þ
c14m
2
C0
c24m
2
g06
1
c20
 B1
 
þ Cp n
2b2
m2
ðB1 þ 1Þ þ 2 c5c224
 
l11
 
e2 ð55bÞ
B3 ¼ 1c0
ð55cÞFrom Eqs. (45) and (55), it is evident that v1 < 1, then inner tube has a lower amplitude than the outer tube.
This follows from the fact that the outer tube is subjected to axial compression combined with both internal
and external pressure, whereas the inner tube is subjected to the combined action of axial compression and
external pressure.
Next, upon substitution of FI and FII into the boundary condition (50) and FI andWI into closed condition
(31) and Eq. (32c), the postbuckling equilibrium paths for the loading case (2) can be written askp ¼ 1
1þ ad2 þ c0
½kð0Þp  kð2Þp ðAð2Þ11 eÞ2 þ kð4Þp ðAð2Þ11 eÞ4 þ    ð56Þanddp ¼ dð0Þp  dðT Þp þ dð2Þp ðAð2Þ11 eÞ2 þ dð4Þp ðAð2Þ11 eÞ4 þ    ð57Þ
In Eqs. (56) and (57), kðiÞp and d
ðiÞ
p ði ¼ 0; 2; . . .Þ are also functions of temperature, and ðAð2Þ11 eÞ is taken as the
second perturbation parameter in this case, and from Eq. (51) we haveAð2Þ11 e ¼ W m H3W 2m þ    ð58aÞ
and the dimensionless maximum deﬂection of the outer tube is written asW m ¼ h½D11D22A11A221=4
W
h
þH4
" #
ð58bÞEqs. (46)–(48) and Eqs. (56)–(58) are employed to obtain numerical results for full nonlinear postbuckling
load–shortening and/or load–deﬂection curves of double-walled carbon nanotubes subjected to combined
axial and radial loads in thermal environments, from which results for single-walled carbon nanotubes are
obtained as a limiting case. Also, buckling under external pressure alone and buckling under axial compres-
sion alone follow as two limiting cases. By increasing d1 and d2, respectively, the interaction curve of a double-
walled carbon nanotube under combined loading can be constructed with these two lines. Note that since
d2 = 1/d1, only one load-proportional parameter should be determined in advance. The initial buckling load
for a perfect double-walled carbon nanotube can readily be obtained numerically, by setting W =t ¼ 0 (or
l = 0), while taking W =t ¼ 0 (note that Wm5 0). In this case, the minimum buckling load is determined
by considering Eq. (46) or (56) for various values of the buckling mode (m,n), which determine the number
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the prebuckling deformation of the tube is nonlinear.
4. Numerical results and discussions
Numerical results are presented in this section for double-walled carbon nanotubes with temperature
dependent material properties and initial point defects. The key issue is ﬁrst to determine the material prop-
erties and eﬀective wall thickness of a single-walled carbon nanotube.
The molecular dynamics simulations are ﬁrst carried out. We use the many-body reactive empirical bond
order potential developed by Brenner (Brenner, 1990; Brenner et al., 2002) to describe the interaction between
carbon atoms. System temperature conversion is carried out by the Nose-Hoover feedback thermostat (Hoo-
ver, 1985). In the frame work of MD simulation, the nanotube can be considered as a congeries of individual
atoms. The integration of Newtonian dynamics function is used to determine the variation of the instanta-
neous location and velocity of each atom. The perfect single-walled carbon nanotubes subjected to axial com-
pression and torsion are simulated under temperature varying from 300 to 1500 K. Fixed boundary condition
is assumed to be at one end of the tube, and axial compressive force Px or torque Ts is applied on the other end
with the appropriate constraints (Zhang and Shen, 2006).
From MD simulation results the eﬀective material properties for armchair (8, 8) single-walled carbon nano-
tubes can be chosen properly and then the results for its alternative multi-walled carbon nanotubes can be
obtained numerically in the manner similar to that of Tu and Ou-Yang (2002). Typical results are listed in
Table 1 for (8, 8) carbon nanotubes with L = 6.309 nm, Rin = 0.546 nm, and h = 0.0623 nm under thermal
environmental conditions T = 300, 800 and 1500 K, in which N is the layer number of the multi-walled carbon
nanotube and Rin is the inmost radius of the tube, and the intertube distance is taken to be 0.34 nm. It is noted
that the eﬀective Young’s modulus does not reﬂect the physics change in the true lattice rigidity but just a
choice of the cross section. HereRin remains constant, so that the outmost radius of the tube increases as
the number of layers N increases. From Table 1 we conﬁrm that the material properties are dependent on
the temperature and the layer number, and the eﬀective Young’s modulus E11 reduces to 1.1 TPa when N > 20.
We now examine the eﬀect of material properties and eﬀective wall thickness on the postbuckling behavior
of an armchair (8, 8) single-walled carbon nanotube. Four cases, i.e. (1) E = 5.5 TPa, m = 0.19, h = 0.066 nm
(Yakobson et al., 1996), (2) E = 4.84 TPa, m = 0.19, h = 0.075 nm (Pantano et al., 2004), (3) E = 5.1 TPa,
m = 0.24, h = 0.074 nm (Zhou et al., 2000), and (4) E = 1.28 TPa, m = 0.25, h = 0.154 nm (Liew et al.,
2004), are considered. The postbuckling load–shortening curves are calculated and are compared in Fig. 2 with
our MD simulation results at T = 300 K. It can be seen that the results of case (1) agree reasonably well with
MD simulations. In contrast, the buckling load is higher and the critical strain is much larger than our MD
simulation results when E = 1.28 TPa, m = 0.25 and h = 0.154 nm. From Fig. 2 we believe that the postbuck-
ling behavior of a single-walled carbon nanotube is sensitive to the material properties and eﬀective wall thick-
ness, and the wide used value of 0.34 nm for tube wall thickness is thoroughly inappropriate to single-walled
carbon nanotubes.Table 1
Temperature-dependent material properties E11 (TPa) and G12 (TPa) for an armchair multi-walled carbon nanotube (L = 6.309 nm,
Rin = 0.546 nm, h = 0.0623 nm and m12 = 0.167)
N 1 2 3 4 5 10 20 50 100
T = 300 K, a11 = 2.7749 · 106/K, a22 = 6.0436 · 106/K
E11 6.3401 1.9636 1.5963 1.4598 1.3885 1.2650 1.2112 1.1810 1.1713
G12 2.1257 0.6584 0.5352 0.4894 0.4655 0.4241 0.4061 0.3960 0.3927
T = 800 K, a11 = 4.5016 · 106/K, a22 = 4.4885 · 106/K
E11 5.9804 1.8522 1.5058 1.3770 1.3098 1.1933 1.1425 1.1140 1.1048
G12 2.1417 0.6633 0.5392 0.4931 0.4690 0.4273 0.4091 0.3989 0.3957
T = 1500 K, a11 = 5.1603 · 106/K, a22 = 5.0269 · 106/K
E11 5.5534 1.7200 1.3983 1.2787 1.2162 1.1081 1.0609 1.0345 1.0259
G12 2.1192 0.6563 0.5336 0.4879 0.4641 0.4228 0.4048 0.3948 0.3915
0.00 0.04 0.08 0.12 0.16
0
50
100
150
shell model
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T=300 K
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3: E=5.1 TPa, h=0.074 nm, ν=0.24 
4: E=1.28 TPa, h=0.154 nm, ν=0.25 
5: Present MD simulation
Fig. 2. Comparisons of postbuckling behavior for a (8, 8) single-walled carbon nanotube under axial compression.
H.-S. Shen, C.-L. Zhang / International Journal of Solids and Structures 44 (2007) 1461–1487 1475Fig. 3 gives the postbuckling load–shortening curves for (8, 8) single-walled carbon nanotubes subjected to
axial compression under thermal environmental conditions, and the results are compared with the MD sim-
ulation results at T = 300 and 800 K. The temperature-dependent material properties are used in the present
example, e.g. E11 = E22 = 5.9804 TPa, G12 = G13 = G23 = 2.1417 TPa, m12 = 0.167, a11 = 4.5016 · 106/K,
a22 = 4.4885 · 106/K at T = 800 K, as given in Table 1 for a single-walled carbon nanotube with N = 1.
Some numerical results are also presented in Table 2 to enable easy comparisons by others in the future. It0.00 0.02 0.04 0.06 0.08 0.10
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)
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Fig. 3. Comparisons of postbuckling behavior for a (8,8) single-walled carbon nanotube under axial compression in thermal
environments.
Table 2
Buckling behavior for single-walled carbon nanotubes subjected to axial compression in thermal environments (L = 6.309 nm,
R = 0.546 nm, and h = 0.0623 nm)
(8, 8)-tube
Initial extension strain Buckling load Pcr (nN) Critical strain
T = 300 K
MD simulation 0.0 75.5836 0.0564
Shell model (HSDST) 0.0 75.6182 0.0559
Shell model (CST) 0.0 78.4134 0.0580
T = 800 K
MD simulation 0.0021 69.2429 0.0515
Shell model (HSDST) 0.0023 70.5575 0.0532
Shell model (CST) 0.0023 73.0217 0.0552
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Fig. 4. Interaction buckling curves for single- and double-walled carbon nanotubes subjected to combined axial and radial loads in three
diﬀerent sets of thermal environmental conditions: (a) SWCNT; (b) DWCNT.
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H.-S. Shen, C.-L. Zhang / International Journal of Solids and Structures 44 (2007) 1461–1487 1477is found that an initial extension occurs as the temperature increases and the buckling loads are reduced with
increases in temperature, which conﬁrming the ﬁnding of Ni et al. (2002) for an empty nanotube. It can be seen
that the HSDST results agree well with the MD simulation results when the material properties are properly
chosen. In contrast, the buckling loads from classical shell theory (CST) are, respectively, about +3.7% andTable 3
Buckling loads for a double-walled carbon nanotube subjected to axial compression alone or lateral pressure alone in thermal
environments (L = 6.309 nm, RI = 0.886 nm, RII = 0.546 nm, and h = 0.0623 nm)
T Px (nN) q (GPa)
300 29.4746 0.5915
800 28.4430 0.5613
1500 26.9398 0.5241
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Fig. 5. The eﬀect of temperature rise on the postbuckling behavior for a pressure-loaded double-walled carbon nanotube subjected to axial
compression: (a) load–shortening; (b) load–deﬂection.
1478 H.-S. Shen, C.-L. Zhang / International Journal of Solids and Structures 44 (2007) 1461–1487+5.5% higher than those of MD simulations under thermal environmental conditions T = 300 and 800 K.
This is because in the present example the shell radius-to-thickness ratio (R/h = 8.76) is much smaller than
20, and in such a case the transverse shear deformation should be taken into account.
Fig. 4 shows the eﬀects of temperature rise on the interaction buckling curves of (8, 8) single-walled carbon
nanotube and its alternative double-walled carbon nanotube under combined loading cases in thermal envi-
ronmental conditions T = 300, 800 and 1500 K, in which Rq = q/qcr and Rp = Px/Pcr, where qcr and Pcr are
the critical buckling loads for the tube under radial pressure alone or axial compression alone at
T = 300 K, as given in Table 3. For the sake of illustration, we consider the initial interlayer spacing between
the inner and outer tube is 0.34 nm, so that the geometric parameters of the double-walled carbon nanotube
are: L = 6.309 nm, RI = 0.886 nm, RII= 0.546 nm and each tube has the same thickness h = 0.0623 nm. As
mentioned before, in such a case the initial pressure p0 is zero or C1 = 0. By taking e0 = 2.39 meV and
r0 = 0.341 nm, from Eq. (1), we have the van der Waals interaction constant C = 69.6474 GPa/nm, which lies
between 61.9917 GPa/nm and 99.1867 GPa/nm as previously given in Ru (2001b), Wang et al. (2003b). From0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 6. Postbuckling behavior of a pressure-loaded double-walled carbon nanotube subjected to axial compression in thermal
environmental condition T = 800 K: (a) load–shortening; (b) load–deﬂection.
H.-S. Shen, C.-L. Zhang / International Journal of Solids and Structures 44 (2007) 1461–1487 1479Fig. 4 it can be seen that the shape of the interaction buckling curves for single-walled and double-walled car-
bon nanotubes are quite diﬀerent, and the temperature rise has a signiﬁcant eﬀect on the shape of the inter-
action buckling curves.
Fig. 5 gives the postbuckling load–shortening and load–deﬂection curves of a double-walled carbon nano-
tube under combined loading case (2) with the load-proportional parameter d2 = 0.01 and under thermal envi-
ronmental conditions T = 300, 800 and 1500 K. The temperature dependent material properties are used in
the present example, e.g. E11 = E22 = 1.8522 TPa, G12 = G13 = G23 = 0.6633 TPa, m12 = 0.167, a11 =
4.5016 · 106/K, a22 = 4.4885 · 106/K at T = 800 K, as given in Table 1 for a double-walled carbon nano-
tube with N = 2. For these three thermal environmental cases v1 = 0.4909, 0.4998 and 0.5137, respectively,
and W I  W II is deﬁnitely less than 0.425 nm in the postbuckling region, so that the linear function assumption
for the van der Waals interaction force is reasonable. It is found that an initial extension occurs as the tem-
perature increases. It can be seen that the buckling loads and postbuckling loads in the initial postbuckling
region are both reduced with increases in temperature, but the eﬀect of temperature changes is rather small.0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 7. Comparisons of postbuckling behavior for pressure-loaded double-walled carbon nanotubes with diﬀerent values of the van der
Waals interaction constant C subjected to axial compression in thermal environmental condition T = 800 K: (a) load–shortening; (b) load–
deﬂection.
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tube under combined loading case (2) with the load-proportional parameter d2 = 0.0 and 0.01 at T = 800 K. It
can be seen that, for the perfect carbon nanotube ðW =t ¼ 0Þ, only a very weak ‘‘snap-through’’ phenomenon
occurs in the postbuckling region. It can also be seen that an increase in load is usually required to obtain an
increase in displacement when an initial defect is existed. This phenomenon is very similar to that observed in
the buckling experiment reported in Waters et al. (2004, 2005). In such a case, the postbuckling path is stable
and the double-walled carbon nanotube is virtually imperfection–insensitive.
Fig. 7 compares the postbuckling load–shortening and load–deﬂection curves for a double-walled carbon
nanotube under combined loading case (2) with the load-proportional parameter d2 = 0.01 and under three
diﬀerent values of C in thermal environmental condition T = 800 K. The results show that the van der Waals
interaction constant C only has a very small eﬀect on the buckling load of carbon nanotubes, and the eﬀect
becomes pronounced when the deﬂection is suﬃciently large.
Figs. 8 and 9 show, respectively, the eﬀects of temperature rise and initial axial compression on the post-
buckling behavior of the same double-walled carbon nanotube analogous to the cases of Figs. 5 and 6, but-0.050 -0.025 0.000 0.025 0.050
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Fig. 8. The eﬀect of temperature rise on the postbuckling behavior for an axially-loaded double-walled carbon nanotube subjected to
external pressure: (a) load–shortening; (b) load–deﬂection.
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Fig. 9. Postbuckling behavior of an axially-loaded double-walled carbon nanotube subjected to external pressure in thermal
environmental condition T = 800 K: (a) load–shortening; (b) load–deﬂection.
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thermal environmental cases v1 = 0.9831, 0.9839 and 0.9850, respectively, and W I  W II is much less than
0.425 nm. It can be seen that the double-walled carbon nanotube has an unstable postbuckling behavior when
the external pressure is relatively high. This conclusion is consistent with that of Shen (2004).
The postbuckling load–shortening and load–deﬂection curves for imperfect double-walled carbon nano-
tubes have also been plotted in Figs. 5–9, in which W =t means the dimensionless form of the maximum
initial geometric imperfection of the tube. The local imperfection parameters are taken to be C1/L = 0.01
and C2/RI = 0.1.
5. Conclusion
The results presented provide a framework for the postbuckling prediction of double-walled carbon nano-
tubes subjected to combined axial and radial mechanical loads in thermal environments based on a continuum
shear deformable shell model. Temperature-dependent material properties and initial point defects are both
1482 H.-S. Shen, C.-L. Zhang / International Journal of Solids and Structures 44 (2007) 1461–1487taken into account. The results reveal that temperature change only has a small eﬀect on the postbuckling
behavior of double-walled carbon nanotubes. At the conclusion of this work, we believe that the continuum
shear deformable shell model can predict the postbuckling response of double-walled and/or multi-walled car-
bon nanotubes when the material properties and eﬀective wall thickness are properly given, and we now know
two diﬀerent kinds of postbuckling behaviors of double-walled carbon nanotubes. The double-walled carbon
nanotube has an unstable postbuckling path under combined loading case (1), and the structure is imperfec-
tion–sensitive. In contrast, the double-walled carbon nanotube has a very weak ‘‘snap-through’’ postbuckling
path under combined loading case (2), and the structure is virtually imperfection–insensitive.Acknowledgement
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and in Eq. (A.9a) kB is the dimensionless axial stress of outer tube and can be written askB ¼ kð0ÞB  kð2ÞB ðAð2Þ11 eÞ2 þ kð4ÞB ðAð2Þ11 eÞ4 þ    ðA:10Þ
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